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The Abbe’s diffraction limit restricts the resolution of an optical imaging and lithography system.
Coherent Rabi oscillation is shown to be able to overcome the diffraction limit in both optical and
atom lithography. In previous studies, semiclassical theory is applied where the driving field is
treated as a classical light and quantum fluctuation is neglected. Here, we show that the quantum
fluctuation may reduce the visibility of the superresolution pattern. However, by squeezing the
photon number fluctuation we are able to significantly increase its visibility.
PACS numbers:
I. INTRODUCTION
Optical imaging and lithography are widely used in
the biomedical science, material science and the semi-
conductor industry due to the non-ionizing properties of
the light and the optical parallelism [1, 2]. However, ac-
cording to the Abbe’s diffraction limit [3], the resolution
of an optical imaging or lithography system is limited by
about half wavelength of the illumination light [4–6]. To
improve the resolution, one has to use light source with
shorter wavelength which may however ionize and dam-
age the sample [7, 8]. In the past few decades, a number
of methods have been proposed to overcome this diffrac-
tion limit and achieve superresolution in the optical mi-
croscopy system such as stimulated emission depletion
microscopy (STED) [9, 10], photoactivatable microscopy
(PALM and Storm) [11–13], structured illumination mi-
croscopy [14], and the surface plasmon based lens [15, 16].
Some of these methods have achieved great success and
have been widely used in many areas.
On the other hand, optical lithography is using light to
print a circuit image onto a substrate and it is also bound
to the diffraction limit. It is a great desire to overcome
the diffraction limit and achieve nanometer resolution
in the optical lithography. A number of methods have
been proposed to surpass the diffraction limit such as
the methods based on quantum entanglement [17], multi-
photon process with classical light [18–21], and dark state
[22]. However, these methods either require quantum en-
tanglement or multiple photon process which is difficult
to be generalized to higher resolution. The STED tech-
nique used in super-resolution imaging is shown to be
able to be appied in the optical lithography and directly
write super-resolution pattern onto the substrate [23–25],
but it requires point by point scanning which is very time-
consuming. Surface plasmon can have a much shorter
effective wavelength than that of the excitation light and
it is also shown to be able to print sub-wavelength pat-
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terns [26–29]. However, this method is surface-bound and
can have only limited applications. Matter wave such as
neutral atom or ion can also be used to print ultrasmall
feature due to their ultrashort de Broglie wavelength [30–
32]. However, the line period generated in matter wave
lithography is also bound to half wavelength of the light
source. The atom lens may reduce the line spacing [33],
but lens aberration may distort the pattern.
In 2010, we showed that superresolution pattern can
be printed by simply inducing coherent Rabi osillations
in the photoresist molecules [34, 35]. Different from the
STED method where nonlinear saturation effect is em-
ployed, our method makes use of the coherent nonlinear
response of the system which can print multiple lines in
the subwavelength region at the same time. In addition
to parallel lines, arbitrary pattern with subwavelength
resolution may also be printed [36]. This method can
also be applied to the atom lithography to reduce the line
period beyond the diffraction limit [37, 38], and the proof-
of-principle experiment has been demonstrated [39]. In
addition to the subwavelength lithography, this method
can be generalized to achieve superresolution in the imag-
ing system as well [40, 41]. In these previous studies,
the semiclassical theory is applied where the light field
is treated as a classical light and the photon fluctuation
is neglected. This is usually true when the single-photon
coupling strength (g) is weak and the photon number is
large where the collapse time due to the photon fluctu-
ation (tc ∼ 1/2g) is much larger than the period of the
Rabi frequency and the spontaneous decay time of the
atom [42, 43]. However, in certain cases when the single-
photon coupling strength is strong, e.g., in the cavity-
QED, the collapse time due to photon fluctuation can
be smaller than the spontaneous decay time of the atom
[44–46]. In this case the quantum fluctuation can not be
neglected. In this paper, we quantize the field and study
the effect of the quantum fluctuation of the input field on
the Rabi oscillations. We show that quantum fluctuation
can indeed reduce the visibility of the superresolution
pattern generated by Rabi oscillations if the interaction
time is larger than the collapse time. To overcome the
effect of quantum fluctuation, we propose and show that
by squeezing the coherent light we can suppress the pho-
2ton number fluctuation [47–50] and significantly increase
the visibility of the superresolution pattern.
This paper is organized as follows. In Sec. II, we first
briefly show how subwavelength pattern can be generated
by the coherent Rabi oscillations. In Sec. III, we discuss
the effect of the quantum noises on the super-resolution
pattern. In Sec. IV, we show that by squeezing the pho-
ton number fluctuation we can suppress the effect of the
quantum noises and increase the visibility of the super-
resolution pattern. Finally we summarize our results.
II. SUPERRESOLUTION VIA RABI
OSCILLATIONS
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FIG. 1: (a) Illustration of the subwavelength scheme via Rabi
oscillations. (b) and (c) The spatial distribution of the atoms
in the excited state with classical light pulse driving. (b)
Ω0t = 0.01pi. (c) Ω0t = 4pi.
The schematic setup for super-resolution atom lithog-
raphy via Rabi oscillation is shown in Fig. 1(a). The
atoms whose longitudinal velocities are preselected and
transverse velocities are collimated pass through a cavity
field and then hit on a layer of photoresit [37, 38]. The
cavity field is driven by a coherent light source. Dur-
ing the interaction with the cavity standing wave, the
atoms can undergo Rabi oscillations. After the inter-
action, some atoms are in the excited state while other
atoms are in the ground state. When they hit the pho-
toresist, the atoms in the excited state can transfer its
energy to the photoresist and change the property of pho-
toresist molecules.
When a two-level atom is interacting with a coherent
monochromatic light, the interaction Hamiltonian under
the rotating-wave approximation is given by [43]
HI = −~ΩR
2
(|a〉〈b|ei∆t + |b〉〈a|e−i∆t) (1)
where ΩR = ~µ · ~E/~ is the Rabi frequency with ~µ being
the atomic transition dipole moment, ~E being the electric
field strength, and ~ is the Planck constant. ∆ = ωab− ν
is the detuning between the atomic transition frequency
and the frequency of the driving field. For simplicity, we
consider the resonant case (i.e., ∆ = 0) in this paper.
Under this coherent driving field, the atom can be pe-
riodically excited and deexcited. This is well-known as
the Rabi oscillation. The frequency of the oscillation is
called the Rabi frequency. Suppose that the atom is ini-
tially in the ground state and the frequency of the light is
resonant with the two-level atom, the probability in the
excited state at time t is given by
Pe(t) =
1
2
[1− cos(ΩRt)], (2)
where ΩR is the Rabi frequency. If the electric field of
the light is a standing wave, e.g., E(x) = E0 cos(kx), the
Rabi frequency is also position-dependent because Rabi
frequency is proportional to the electric field strength.
Then we have ΩR = Ω0 cos(kx) with Ω0 = µE0/~. The
probability of the excited state at different position is
given by [34]
Pe(x, t) =
1
2
{1− cos[Ω0t cos(kx)]}. (3)
In the linear region when Ω0t ≪ 1, Pe(x, t) ≃
1
4Ω
2
0t
2 cos2 kx, which is the usual diffraction-limited pat-
tern. This can also be seen from Fig.1(b) where we see
that only two peaks appear within one wavelength. How-
ever, if we increase the Rabi frequency or the pulse du-
ration such that Ω0t ≫ 1, Rabi oscillation can occur
and subwavelength pattern can be generated. One ex-
ample is shown in Fig. 1(c) where Ω0t = 4π. We can see
that there are eight peaks within one wavelength. Hence,
super-resolution pattern is generated by inducing coher-
ent Rabi oscillations. If we increase the Rabi frequency
or the pulse duration further, we can generate even finer
structure. This property can be used for superresolution
atomic patterning, imaging and lithography.
One should note that in these discussions we assume
that the atom velocity is uniform in the longitudinal di-
rection and zero spread in the transverse direction. How-
ever, in reality the velocity of the atoms may fluctuate
which can limit the maximum achievable resolution. For
example, if the resolution is λ/100, the fluctuation of the
longitudinal velocity should be less than 1%. Supposing
that the excitation wavelength is 1µm and the resolu-
tion is 10nm, the uncertainty of the longitudinal velocity
should be controlled within 100m/s if the longitudinal
velocity is 104m/s. In addition to the longitudinal ve-
locity fluctuation, the transverse velocity fluctuation can
3also affect the resolution. For resolution 10nm, if the in-
teraction time is 0.1µs, the fluctuation of the transverse
velocity of the atoms should be less than 0.1m/s which
can be achieved by laser cooling [51, 52]. In the following,
we would neglect the noise of the atom velocity fluctu-
ation and concentrate on the quantum noise of photon
fluctuation.
III. EFFECTS OF THE QUANTUM NOISES
In the previous studies [34, 37, 38], classical field is
mainly considered where the quantum noises are ne-
glected. Here, we consider the effect of the quantum
fluctuation in a quantized radiation field. The interac-
tion Hamiltonian between an atom and a quantized field
is given by [43]
HI = −~g cos kx(a†σ−e−i∆t + aσ+ei∆t). (4)
Here we assume that the driving field is a standing wave
and the single-photon coupling strength is g. a† and a
are the creation and annihilation operator of the field,
respectively. σ− (σ+) is the lowering (raising) operator
of the atom. ∆ is the detuning between the two-level
atom and the frequency of the field. In the following
calculations, we mainly consider the resonant case, i.e.,
∆ = 0.
The quantum state of the atom-field system at an ar-
bitrary time is given by [43]
|ψ(x, t)〉 =
∞∑
n=1
Can−1(t)|a, n− 1〉+ Cbn(t)|b, n〉, (5)
where Can−1(t) is probability amplitude when the atom
is in the excited state |a〉 with n− 1 photon in the field
and Cbn(t) is probability amplitude when the atom is in
the ground state |b〉 with n photon in the field. Here,
we assume that all the atoms are initially in the ground
state and the input field is a coherent state. The coher-
ent state can be generated by applying a displacement
operator onto the vacuum state, i.e., |α〉 = D(α)|0〉 with
the displacement operatorD(α) = exp
(
αa† − α∗a). The
initial state can then be written as
|ψ(x, 0)〉 = e− |α|
2
2
∞∑
n=0
αn√
n!
|b, n〉. (6)
In order to see the phase space distribution, we draw
the contour map of the Q-representation of the coherent
state in the upper-right corner of Fig. 2 (a) [43],
Qc(α, α
∗) =
1
π
e−(X
2+Y 2+|α|2)+2|α|(X cosΦ+Y sinΦ), (7)
where X = Re(α), Y = Im(α), and α = |α|eiΦ. We
can see that the coherent state in the Q-representation
is a circle which indicates that the two complementary
quadrature, i.e., the photon number and the phase of a
coherent state, have the same uncertainty.
The photon number distribution for a coherent state
is not fixed but have a distribution which can be written
as
Pc(n) =
e−|α|
2|α|2n
n!
. (8)
It is a Poisson distribution with average photon number
|α|2. The photon number distribution with α = 10 is
shown as the red solid line in Fig. 2 (b). It is clearly seen
that the coherent state has an extended photon num-
ber distribution, leading to a photon number fluctuation,√
〈n2〉 − 〈n〉2 = |α|. Since the Rabi frequency of the sys-
tem is given by ΩR = g
√
n which depends on the photon
number, there is also a fluctuation of the Rabi frequency.
This may have a significant effect on the superresolving
pattern generated by the Rabi oscillations.
From the Schro¨dinger equation with Hamiltonian given
by Eq. (4) and the quantum state given by Eq. (5), we
can derive the quantum state at an arbitrary time,
|ψ(x, t)〉 =e− |α|
2
2
∞∑
n=1
αn√
n!
[
cos(gt cos kx
√
n)|b, n〉
+ i sin(gt cos kx
√
n)|a, n− 1〉
]
. (9)
The probability in the excited state is then readily ob-
tained,
Pe(x, t) =
∞∑
n=0
|Can|2 = e−|α|
2∑
n
|α|2n
n!
sin2(gt cos kx
√
n).
(10)
Comparing Eq. (3) with Eq. (10), we can see that Pe(x, t)
in the quantum regime depends on the photon number
distribution of the initial state.
For a fixed position, e.g. x = 0, the probability in the
excited state is no longer a simple periodic function but
a function with collapses and revivals due to the sum-
mation of different Rabi frequencies. One example with
x = 0 and α = 3 is shown in Fig. 2 (c) where we can
clearly see the collapse and revival phenomena. The col-
lapse time and the revival time of the probability in the
excited state shown in Eq. (10) are respectively given by
[42]
tc ∼ 1
2g coskx
, tr ∼ 2πmα
g cos kx
(11)
where m is an integer. The collapse time depends on the
single-photon coupling strength. The larger the single-
photon coupling strength is, the shorter the collapse time
will be. For a standing wave field in a cavity, the atoms
at different positions have different collapse times. The
atoms at the nodes have minimum coupling strength and
therefore have a very long collapse time. However, the
atoms at the antinodes have maximum coupling strength
and can have a very short collapse time.
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FIG. 2: (color online). (a)Q-representation of the coherent state (upper-right) with α = 10 and the squeezed coherent state
(lower-left) with β = 10 and r = 0.5. (b)The photon numbers for the coherent state (red solid line) with α = 10, the squeezed
coherent state with β = 10 and r = 0.5 (green dashed line) and with β = 23.2 and r = 0.96 (blue dotted line).(c) The time
evolution of the probability in the excited state with an initial coherent state. Here, x = 0, α = 10.
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FIG. 3: Spatial distribution of population in the excited state with the coherent state input. (a-c) αgt = 4pi; (d-f) αgt = 15pi.
(a,d) α = 20; (b, e) α = 10; (c,f) α = 1.
The spatial distributions of the atoms in the excited
state with different values of α and gt are shown in Fig. 3.
The average Rabi frequency is Ω0 = g
√
n¯ = gα. The av-
erage pulse area is therefore αgt. The three figures in
each row have the same average pulse area. According
to the previous classical results [34], they should give the
same resolution. However, we see that the quantum fluc-
tuations make these three situations very different. From
the first column to the third column, we reduce α (i.e.,
photon number) but increase gt. Since tc ∼ 1/g, we have
gt ∼ t/tc. When gt is much smaller than 1, the pulse
duration is much smaller than the collapse time and the
supreresolution pattern can be close to the classical limit
(Fig. 3(a)). However, when gt increases, the visibility
of the pattern decreases (Fig. 3(b)). When gt is much
greater than 1, the collapse effect is very obvious and the
super-resolution is almost destroyed (Fig. 3(c)). If we
increase the pulse area αgt, we can achieve higher reso-
lution (Fig. 3(d-f)). However, comparing each column
we can see that for the same photon number the visibil-
ity of the higher resolution pattern is worse than those of
the lower resolution pattern. This is because we need to
use larger gt for higher resolution pattern. In addition,
we also find that the pattern around the nodes is bet-
ter. This is because the single-photon coupling strength
around the nodes is very small and thus the collapse time
5is very large and the collapse effect can be neglected. On
the contrary, the pattern around the anti-nodes is worse.
IV. IMPROVEMENT BY SQUEEZED
COHERENT STATE
In the previous section, we show that quantum fluctu-
ation of the coherent light can destroy the superresolv-
ing pattern. In this section, we show that by using the
squeezed coherent light, the pattern can be significantly
improved.
In order to reduce the photon number fluctuation, we
can resort to squeeze the input coherent state in a unitary
way. The squeezing operator is written as
S(ξ) = exp
(
1
2
ξ∗a2 − 1
2
ξa†2
)
(12)
where ξ = r exp(iθ) is the squeezing parameter with r
being the squeezing degree and θ being the squeezing
phase. By applying this squeezing operator to a coherent
state we can obtain a squeezed coherent state as our input
field. The squeezed coherent state |β, ξ〉 = S(ξ)D(β)|0〉
is explicitly given by [43]
|β, ξ〉 =
∑
n
(eiθ tanh r)
n
2
2
n
2 (n! cosh r)
1
2
exp
[
−1
2
(|β|2 − e−iθβ2 tanh r)
]
×Hn
(
βe−
iθ
2√
2 cosh r sinh r
)
|n〉,
(13)
where Hn(x) is the Hermite polynomial function.
The average photon number of the squeezed coherent
state n = 〈β, ξ|a†a|β, ξ〉 is given by
n =|β|2(cosh2 r + sinh2 r − 2 cos(2φ− θ) sinh r cosh r)
+ sinh2 r,
(14)
and the photon number variance (∆n)2 = 〈n2〉 − 〈n〉2 is
(∆n)2 =|β|2[cosh 4r − cos(2φ− θ) sinh 4r]
+ 2 sinh2 r cosh2 r.
(15)
Obviously, n and (∆n)2 of the squeezed coherent state
depend on the squeezing degree r and the phase difference
2φ− θ in addition to the coherent amplitude β.
The Q representation of |β, ξ〉 can be calculated as
Q(α, α∗) =
sechr
π
exp{−(|α|2 + |β|2) + (α∗β + β∗α)sechr − 1
2
[eiθ(α∗2 − β∗2) + e−iθ(α2 − β2)] tanh r}. (16)
The contour plot of the Q-representation of the squeezed
coherent state with β = 10 and r = 0.5 is shown in the
lower-left corner of Fig. 2(a). Different from the coherent
state, the squeezed coherent state in the phase space is an
ellipse with the radial direction being suppressed. This
indicates that the photon number is squeezed. The pho-
ton number distribution of the squeezed coherent state
with β = 10 is shown as green dotted line in Fig. 2(b). As
we can see, the squeezed coherent state can have signif-
icantly narrower photon number distribution than that
of the coherent state, which can be exploited to improve
the super-resolution pattern in our scheme.
Assuming that the atoms are initially in the ground
state and the driving field is a squeezed coherent light,
i.e., |ψ(0)〉 = |b〉|β, ξ〉, we can calculate the quantum state
at time t from the Schro¨dinger equation and it is given
by
|ψ(t)〉 =
∑
n
(eiθ tanh r)
n
2
2
n
2 (n! cosh r)
1
2
exp
[
−1
2
(|β|2 − e−iθβ2 tanh r)
]
×Hn
(
βe−
iθ
2√
2 cosh r sinh r
)
[cos(gt coskx
√
n)|b, n〉
+ i sin(gt cos kx
√
n)|a, n− 1〉],
(17)
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FIG. 4: (color online.) The comparison of temporal evolution (a, c) and spatial distribution (b, d) classical light (green dashed
line), coherent state (red solid line) and squeezed coherent states (blue dotted line) input. (a, b) α = 10, |β| = 23.2, r = 0.96.
(c, d) α = 27.8, |β| = 99.9, r = 1.28. (b) gt = 1.5pi. (d) gt = 0.54pi. Other parameters: Ω0 = 10g, 2φ− θ = 0.
and the probability in the excited state is
Pe(x, t) =
∑
n
|〈a, n|ψ(t)〉|2
=
∑
n
(tanh r)n
2nn! cosh r
e|β|
2[cos(2φ−θ) tanh r−1]
×
∣∣∣∣∣Hn
(
|β|e i(2φ−θ)2√
2 cosh r sinh r
)∣∣∣∣∣
2
sin2(gt cos kx
√
n)
(18)
For our purpose, we need to squeeze the photon num-
ber fluctuation as much as possible. Hence we should
minimize the photon number variance. From Eq. (15),
we can see that the photon number variance depends
on β, r and the phase difference 2φ − θ. It is not diffi-
cult to see that for fixed β and r when 2φ − θ = 0 the
minimum variance can be reached. Therefore, we can
take 2φ − θ = 0. Then we use method of exhaustion
to search for a value of β and r which correspond to as
small photon number fluctuation as possible. One exam-
ple is shown in Fig. 4 where the probability in the excited
state as a function of time is shown in Fig. 4 (a) and the
spatial distribution of excited state is shown in Fig. 4
(b). Here, we compare the results of the classical (olive
dashed line), coherent state input (red solid line), and the
squeezed input (blue dotted line). We can see that in the
classical case where the photon fluctuation is neglected
the Rabi oscillations and the superresolution pattern has
maximum visibility. On the contrary, in the quantum co-
herent input case the probability in the excited state can
collapse and the visibility of the superresolution pattern
is low. However, if we use a squeezed coherent state with
β = 23.2 and r = 0.96, the collapse time is increased and
the visibility of the pattern is also enhanced.
If we increase the average photon number of a coher-
ent state, the photon fluctuation also increases. Since the
collapse time depends only on the single photon coupling
strength, the collapse time remains the same. However,
the average Rabi frequency is larger for higher number
of photon which can be seen from the red solid line in
Fig. 4(c). For the same resolution the pulse duration
can be shorter when using the coherent state with larger
photon number. In the previous section, we have shown
that if the pulse duration is much shorter than the col-
lapse time, the result can approach to the classical case.
7(d) where the average photon number is about 774. We
can see that the visibility of the superresolution pattern
is much better than the red solid line shown in Fig. 4
(b). By squeezing the coherent state, we can extend the
collapse time (shown as the blue dotted line in Fig. 4
(c)) and significantly increase the visibility of the super-
resolution pattern. We can see that the blue dotted line
shown in Fig. 4 (d) is already very close the classical
case. Hence, our results clearly show that by squeezing
the coherent state we can indeed suppress the effect of
quantum noise in the superresolution pattern generated
by Rabi oscillations.
V. SUMMARY
We extend the semi-classical scheme of super-
resolution technique via Rabi oscillation to the pure
quantum situation where the quantum fluctuation is in-
cluded. With initial coherent state input, we find that
the quantum noises can not only cause the collapse and
revival in the atom dynamics, but also result in distortion
and destruction to the superresolution pattern generated
by Rabi oscillations. Both phenomena result from the
photon number fluctuation, because the oscillations as-
sociated with different values of n become uncorrelated,
periodically enhancing and canceling each other. Then
we show that by squeezing the coherent state we can sup-
press the quantum noises and increase the visibility of the
superresolution pattern.
Our method here is a far-field based and parallel
scheme. The throughput of our method can be higher
than the superresolving methods based on direct writ-
ing such as the STED lithography. Comparing with the
usual atom lithography, the line spacing generated by our
scheme can be much smaller than half wavelength of the
light source. Although the proposed method here may
not serve as a general purpose of usage in lithography, it
may be used for generation of special pattern like optical
grating with super-resolution.
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